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Abstract
We give a construction of error-correcting codes from Grassmann bundles associated to a vector
bundle on a curve deﬁned over a ﬁnite ﬁeld Fq . We also consider codes from ﬁbered varieties whose
ﬁbers are quadric or Hermitian varieties.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Let X be a smooth projective variety in Pn deﬁned over the ﬁnite ﬁeld Fq with q
elements. Let L be a line bundle onX and letP={P1, . . . , Pn} be a set of distinct Fq -rational
points on X.We choose an isomorphismLPiFq for each i. Following [14], we may deﬁne
a code C(L,P) to be the image of the natural evaluation map
 : H 0(X,L) →
n⊕
i=1
LPiF
n
q .
The code C(L,P) is said to be the Reed–Muller code if L is the restriction OX(1) of the
tautological bundle OPn(1). In this paper, we study a relative version of the Reed–Muller
codes on varieties X which have ﬁbrations over a curve.
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Let C be a nonsingular projective curve over Fq . For a vector bundle E on C, we let ˜ :
P(E) → C denote the associated projective bundle. Let X be a smooth projective variety
embedded inP(E).We assume that everyﬁber of the inducedﬁbration : X → C is smooth
and irreducible. Let OPn(1) be the tautological line bundle on P and let OX(1)=OPn(1)|X
be its restriction toX.Wemay deﬁne a code from a line bundleL onX of the formOX(1)+bf
for an integer b and a -ﬁber f. In [4,8,11], parameters of these codes have been determined
when X is the projective bundle itself, using the intersection theory. In this paper, we study
the codes arising from a Grassmann bundle Grs(E) parametrizing quotient bundles of rank
s. We also treat ﬁbrations whose ﬁbers are quadrics or Hermitian varieties.
2. Projective bundles on curves
In this section, we collect results concerning projective bundles P(E) associated to a
vector bundle E over a curve and subvarieties in them. For a ﬁeld k, let k denote its algebraic
closure. Let C be a nonsingular projective curve deﬁned over k. We assume that C is
geometrically irreducible, i.e. the base change C := C⊗kk to k is irreducible. For a vector
bundle E on C, we deﬁne its slope (E) by
(E)= degE
rkE
.
If k is algebraically closed,E is said to be semistable (resp. stable) if for all proper subbundles
F we have
(F )(E)
(resp. (F )<(E)). If k is an arbitrary ﬁeld, then E is said to be stable (resp. semistable)
if the bundle E = E⊗kk on C is stable.
Let Fq denote the ﬁnite ﬁeld with q-elements, where q = pe for a prime p and e1. Let
C be a curve of genus g deﬁned over Fq and let E be a vector bundle E on C deﬁned over
Fq . Let F : C → C denote the Frobenius map. E is said to be p-semistable if (Fm)∗E is
semistable for all m0.
Let ˜ : P := P(E) → C be the associated projective bundle and let f˜ be a ˜-ﬁber. Let
X ⊂ P(E) be a smooth subvariety such that the induced ﬁbration  : X → C has smooth
irreducible ﬁbers.
Lemma 2.1. Let : X → C be as above.LetH be aQ-divisor on X numerically equivalent
to OX(1)− (E)f for a -ﬁber f. If E is p-semistable, then H is nef.
Proof. Since E is p-semistable, by a result of Miyaoka [10, p. 464] any line bundle
H˜ on P(E) which is numerically equivalent to OP(1) − (E)f˜ , is nef. Hence so is
H = H˜|X. 
We have the following result concerning the semistability of the sth exterior product∧sE
of E [13, Theorems 3.21 and 3.23].
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Lemma 2.2. Let C be an curve deﬁned over Fq and let E be a p-semistable bundle of rank
r on C. Then ∧sE is p-semistable for all 0<s < r .
Proposition 2.3. Let E be a p-semistable vector bundle of rank r on C. Let b be a nonneg-
ative integer and let P be a point of C(Fq). Assume that
degE + r
s
(b + 2− 2g)> 0.
Then we have
h0(C,∧sE(bP ))=
(
r − 1
s − 1
){
degE + r
s
(b + 1− g)
}
.
Proof. By Lemma 2.2, ∧sE is semistable for any 0<s < r . By Serre duality, we have
H 1(C,∧sE(bP ))H 0(C,∧sE∨(−bP +KC))∨.
Since we have
rk∧sE =
(
r
s
)
, deg∧sE =
(
r − 1
s − 1
)
degE,
by assumption we obtain
deg∧sE∨(−bP +KC)=
(
r − 1
s − 1
){
− degE + r
s
(−b + 2g − 2)
}
< 0.
Hence H 1(C,∧sE(bP ))= 0. Then the Riemann–Roch Theorem yields
h0(C,∧sE(bP ))= (∧sE(bP ))=
(
r − 1
s − 1
){
degE + r
s
(b + 1− g)
}
. 
Let E be a vector bundle of rank r on C. Let X ⊂ P(E) be a smooth hypersurface with
X ∈ |OP(k)+ ˜∗b| for an integer k2 and a line bundle b on C. Let La,b = OX(a)+ bf
for integers a, b and a ﬁber f over P ∈ C(Fq).
Proposition 2.4. If E is semistable and b is an integer with
degE + r(b − 2− 2g)> 0,
then we have
h0(C,L1,b)= degE + r(b + 1− g).
Proof. Let L˜a,b =OP(a)+ bf˜ where f˜ denotes the ˜-ﬁber over P. We have the following
exact sequence on P= P(E):
0 → OP(1− k)+ ˜∗(bP − b) → L˜1,b → L1,b → 0.
Since 1− k < 0, we have Hi(P,OP(1− k)+ ˜∗(bP − b))= 0 for i1. Hence we obtain
H 0(X,L1,b)H 0(P, L˜1,b)H 0(C,E(bP )).
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Further, Serre duality yields H 0(C,E(bP ))H 0(C,E∨(−bP + KC))∨ which vanishes
since E is semistable and degE>r(−b + 2g − 2) by assumption. Hence, we obtain
h0(C,L1,b)= degE + r(b + 1− g) by Riemann–Roch. 
3. Codes on Grassmann bundles
Let C be a nonsingular projective curve deﬁned over Fq . For a vector bundle E of rank r
on C, let  : X = Grs(E) → C be the Grassmann bundle of rank s quotient bundles of E.
Let S and Q denote the universal subbundle and the universal quotient bundle on Grs(E),
respectively. We have the tautological exact sequence on X
0 → S → ∗E → Q → 0.
Let OX(1)= detQ and let f be a -ﬁber.
Lemma 3.1. Let  : X → C be as above and let Hs be a Q-divisor on X numerically
equivalent to OX(1)− s(E)f . If E is p-semistable, then H is nef.
Proof. Let ˜ : P= P(∧sE) → C be the projective bundle associated to ∧sE. Let OP(1)
denote the tautological line bundle and let f˜ be the class of a ﬁber. We have the relative
Plücker embedding  : X ↪→ P. Hence the claim follows from Lemmas 2.1 and 2.2. 
Theorem 3.2. Let C be a nonsingular projective curve deﬁned over Fq and let c=#C(Fq).
Let E be a p-semistable bundle of rank r on C. For an integer s with 0<s < r , let  :
X = Grs(E) → C denote the Grassmann bundle of rank s quotient bundles of E. Let
L1,b = OX(1)+ bf for a nonnegative integer b and a -ﬁber f. Let
N = (OX(1)− s(E)f )(r−s)s · L1,b, N1 = (OX(1)− s(E)f )(r−s)s · f.
If
c >
N
N1
and degE + r
s
b > 0,
then we may construct from L1,b an [n, k, d]-code with parameters
n=
[
r
s
]
q
c,
k =
(
r − 1
s − 1
)(
degE + r
s
b
)
,
d
([
r
s
]
q
− q(r−s)s
)(
c − N
N1
)
.
Here [
r
s
]
q
= (q
r − 1)(qr − q) · · · (qr − qs−1)
(qs − 1)(qs − q) · · · (qs − qs−1) .
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Proof. Let Gr(s, r) denote the Grassmann variety of s-dimensional quotients of Frq . Since
dim Gr(s, r)=(r−s)s,X=Grs(E) has dimension (r−s)s+1. LetH be a nef divisor on X
withH ≡ OX(1)− s(E)f , where f is a ﬁber over a point P ∈ C. Let C(Fq)={t1, . . . , tc}
be the set of Fq -rational points of C and for each i, let fi := −1(ti) be the ﬁber over ti .
Then we have
X(Fq)= ∪ci=1fi(Fq).
This yields
n= #X(Fq)=
[
r
s
]
q
c
since we have[
r
s
]
q
= #Gr(s, r)(Fq).
We set
l = sup
s∈H 0(X,L1,b)
#{i | (s)0 contains fi}.
For s ∈ H 0(X,L1,b), let D = (s)0 ∈ |L1,b| be the divisor deﬁned by s. Assume that D
contains l ﬁbers fi with i ∈ I and write D =∑i∈I fi +∑j Dj , where Dj are horizontal
components. Let ls = #(D)(Fq)= #(D ∩ ∪ci=1fi)(Fq). For each i, D ∩ fi is a hyperplane
section of Gr(s, r). By [12, Theorem 4.1], the number #(D ∩ fi)(Fq) is bounded above by[
r
s
]
q
− q(r−s)s .
Hence we have
ls
∑
i∈I
#(fi)(Fq)+
∑
j /∈I
#(D ∩ fj )(Fq)
 l
[
r
s
]
q
+
([
r
s
]
q
− q(r−s)s
)
(c − l).
On the other hand, since H is nef, we haveHr−1 ·Dj0 for each j [5, Theorem 6.1]. Then
N =H(r−s)s · L1,b =H(r−s)s ·
∑
i∈I
fi +
∑
j
Dj


∑
i∈I
H (r−s)s · fi = lN1,
since H(r−s)s · fi = (OX(1)− s(E)f )(r−s)s · f =N1 for each i. Hence, if
n>
([
r
s
]
q
− q(r−s)s
)
c + q(r−s)s N
N1
,
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then the evaluation map
 : H 0(X,L1,b) → Fnq
is injective and Im  deﬁnes an [n, k, d]-code with parameters
n=
[
r
s
]
q
c,
k =H 0(X,L1,b),
d
([
r
s
]
q
− q(r−s)s
)(
c − N
N1
)
.
Therefore, the claim follows from Proposition 2.3, since we have the isomorphisms
H 0(X,L1,b)H 0(C,∗(OX(1)+ bf ))H 0(C,∧sE(bP )). 
We note that the numbers N, N1 may be computed explicitly for given r, s and b. In fact,
we have
N = O(1)(r−s)s+1 + {b − s2(r − s)(E)}O(1)(r−s)s · f
=N0 + {b − s2(r − s)(E)}N1,
whereN0=c1(Q)(r−s)s+1. For a partition =(12 · · · k0), we let ||=∑ki=1 i
and let
c(Q− ∗E) := det(ci+j−i (Q− ∗E)1 i,j (r−s)s+1),
whereQ−∗E denotes the formal difference in the Grothendieck group of X. We have the
following formula [9, chapter I, ex.3]:
c1(Q− ∗E)(r−s)s+1 =
∑
||=(r−s)s+1
{(r − s)s + 1}!
h()
c(Q− ∗E).
Here, for each partition , h() denotes the product of the hook-lengths of . We have the
identity
h()−1 = 1
l1! · · · lk!
∏
i<j
(li − lj ),
where li = i + k − i. We may compute the numbers c(Q− ∗E) using the tautological
sequence above and the Gysin formula [3, p. 249]. This yields N0 since we have
N0 = c1(Q− ∗E)(r−s)s+1 + ((r − s)s + 1) degE.
On the other hand, N1 is equal to the degree of Gr(s, r) in P(
r
s )−1, which is given by the
following formula [3, p. 274]:
N1 = c1(Q)s(r−s) · f = 1!2! · · · (s − 1)!{(r − s)s}!
(r − s)!(r − s + 1)! · · · (r − 1)! .
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For example, for r = 4 and s = 2 an easy computation yields N0 = 5 degE, N1 = 2 and
N = degE + 2b. Thus the above theorem yields the following:
Corollary 3.3. Let C be an elliptic curve over Fq with #C(Fq) = c. Let m, b be integers
with
b0, c > m
2
+ b> 0.
Then there exist an [n, k, d]-code with parameters
n= (q4 + q3 + 2q2 + q + 1)c,
k = 3m+ 6b,
dq4
(
c − m
2
− b
)
.
Proof. By the work of Tillmann, for any rational point P of C and any integers r2 andm,
there exists a canonical semistable vector bundle Er,m(P ) of rank r and degree m on C [1].
Furthermore, we may prove by the same argument in the proof of [7, 2.4 Satz] that every
semistable bundle E on C is p-semistable. Hence the claim follows from Theorem 3.2. 
We may compare the above codes with the product codes of the Goppa code constructed
from a line bundleL on C and the Reed–Muller code onQ5 of order one. LetL be a line
bundle on C of degree m′. Then the product code arising fromL is a [n′, k′, d ′]-code with
n′ = (q4 + q3 + 2q2 + q + 1)c,
k′ = 6m′,
d ′q4(c −m′).
4. Codes on quadric or Hermitian bundles
In this section,we construct codes fromquadric bundles andHermitian bundles on a curve.
First, we review results concerning quadrics and Hermitian varieties. For more details, we
refer to [6, chapter 5]. A quadratic form Q ∈ Fq [X0, X1, . . . , Xn] is a polynomial of the
form
Q=
n∑
i,j=0
ai,jXiXj , ai,j = aj,i ∈ Fq .
A quadric hypersurface Q is the zero set of Q which is a hypersurface of degree two in Pn
deﬁned over Fq .
Next assume that q is a square. A Hermitian form H ∈ Fq [X0, X1, . . . , Xn] is a polyno-
mial of the form
H =
n∑
i,j=0
ti,jXiXj , tj,i = t¯i,j ∈ Fq,
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where x → x¯ is the involution deﬁned by x¯ = x√q . A Hermitian variety U is the zero set
of H, which is a hypersurface of degree√q + 1 in Pn. A quadric Q or a Hermitian variety
U is said to be nondegenerate if the rank of Q or H is equal to n+ 1. It is known that Q or
U is nondegenerate if and only if it is nonsingular.
Nondegenerate quadrics are classiﬁed in three types; parabolic, hyperbolic or elliptic,
according to the canonical forms of F. The projective index g(Q) ofQ is deﬁned as follows:
g(Q)=

n− 2
2
if Q is parabolic,
n− 1
2
if Q is hyperbolic,
n− 3
2
if Q is elliptic.
Then the character (Q) os Q is deﬁned by
(Q)= 2g(Q)− n+ 3.
For a variety X deﬁned over Fq , let #(X)(Fq) denote the number of Fq -rational points of X.
We have the following result [6, Theorem 5.21].
Theorem 4.1. (1) If Q is a nondegenerate quadric in Pn, then
#(Q)(Fq)= n := pn−1 + ((Q)− 1)q(n−1)/2;
(2) IfU is a nondegenerate Hermitian variety in Pn, then
#(U)(Fq)= n :=
(q(n+1)/2 − (−1)n+1)(qn/2 − (−1)n)
q − 1 .
Let dQ (resp. dU) denote the minimum distance of the Reed–Muller code on a nondegen-
erate quadric Q (resp. Hermitian variety U). These values have been determined in [2,15]
as follows.
Theorem 4.2. We have
(1) If Q is a nondegenerate quadric in Pn, then we have dQ = kn, where
kn :=
{
qn−1 − q(n−2)/2 if Q is parabolic,
qn−1 if Q is hyperbolic,
qn−1 − q(n−1)/2 if Q is elliptic.
(2) IfU is a nondegenrates Hermitian variety in Pn, then we have dU = ln, where
ln :=
{
q(2n−1)/2 if n is odd,
q(2n−1)/2 − q(n−1)/2 if n is even.
Let C be a nonsingular projective curve of genus g deﬁned over Fq . A smooth projective
variety X equipped with a surjective morphism  : X → C is said to be a quadric bundle
(resp. Hermitian bundle) if X is contained in a projective bundle ˜ : P = P(E) → C
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associated to a rank r bundleE onC, such that ˜ induces  and every ﬁber is a nondegenerate
irreducible quadric (resp. Hermitian variety) in Pr−1. We assume q is a square when X is
a Hermitian bundle. Let OP(1) denote the tautological bundle. X is linearly equivalent
to OP(2) + ˜∗b or OP(√q + 1) + ˜∗b for a line bundle b on C. Let OX(1) denote the
restriction of the tautological bundle OP(1) to X and let f be the ﬁber over a point P of C.
Let La,b = OX(a)+ bf for nonnegative integers a, b.
Theorem 4.3. Let C be a nonsingular projective curve deﬁned over Fq with c = #C(Fq).
Let E be a p-semistable vector bundle of rank r on C and let  : X → C be a quadric or
Hermitian bundle in P(E) as above. Let = 2, = kr−1 and 	= r−1 (resp. =√q + 1,
= lr−1 and 	= r−1) if X is a quadric bundle (resp. Hermitian bundle). Let
N =  degE + degb+ {b − (r − 2)(E)}.
Assume that
c >
N

and degE + r(b − 2− 2g)> 0.
Then we may construct from L1,b an [n, k, d]-code with parameters
n= 	c,
k = degE + r(b + 1− g),
d
(
c − N

)
.
Proof. We have
(OX(1)− (E)f )r−1 · L1,b = OX(1)r−1 + {b − (r − 2)(E)}OX(1)r−2 · f
=  degE + degb+ {b − (r − 2)(E)} =N,
since OX(1)r−1 =  degE + degb and OX(1)r−2 · f = . Further, h0(X,L1,b) may be
computed by Proposition 2.4. Hence the result follows as in the proof of Theorem 3.2. 
We may also deduce Corollary 3.3 from the theorem above by means of the following
result.
Lemma 4.4. Let C be a nonsingular projective curve deﬁned over Fq and let E be a vector
bundle of rank four on C. Then the Grassmann bundle  : X = Gr2(E) → C is a member
of |OP(2)− ˜∗ detE| for the projective bundle ˜ : P= P(∧2E) → C. In particular, X is
a quadric bundle whose ﬁbers are hyperbolic quadrics.
Proof. By the Plücker embedding, X = Gr2(E) belongs to |OP(2) + ˜∗b| for some line
bundle b on C. We will show b = − detE. Let KX denote the canonical bundle of X. By
the adjunction formula, we have
KX = OX(−4)+ ∗(3 detE + b+KC).
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Let S and Q be the universal subbundle and universal quotient bundle, respectively. Since
the relative tangent bundle of  : Gr2(E) → C is isomorphic to Hom(S,Q), KX is
given by
KX = OX(−4)+ ∗(2 detE +KC).
Comparing the above two expressions of KX we conclude that b=− detE. 
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